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Damage-spreading phase and damage-frozen phase in a solid-on-solid model
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Based on the recently suggested scaling ari$tys. Rev. B62, 3376(2000 ] for damage spreading in the
surface roughening phenomenon, the characteristics of the damage-spreading phase and damage-frozen phase
in a two-dimensional solid-on-solid model that has a roughening transitioh=akg are studied. In the
damage-spreading phase, which exists TorTr, the average vertical damage-spreading distaﬂc(&iu
=0L,T) and the average lateral damage-spreading distBn¢e,T) are shown to satisfxa_h(d“zo,L,T)
=InL andD|(L,T)=L, respectively. In the damage-frozen phase, which existd foll g, it is shown that
d, (dj=0,L—0o,T)=finite and D|(L—c,T)=finite. From these results it is concluded that the damage-
spreading phase describes the surface roughening phase well and the damage-frozen phase describe the smooth
phase well.
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By “damage spreading’(DS) [1], it is meant that two g, andzin Eq. (1) are exactly the same exponents as in the
each other except for a small subset of the system, are simyy(|_ t)=L(t/L?), whereW(L,t) is the surface width of a

lated by the same sequence of random numbers to obsery@,en growth model with substrate sikeat timet. As can be
how the differencesdamagé between two systems spread seen from Eq.(1), a of the column to which the initial

during dynamical evolution by detailed comparison of the . ) :
. damage is assigngdt d; =0 or atr) faithfully reproduces
two systems. The DS concept has been applied to analysest%?e dynamical scaling relation/(L,t) as

dynamical systems such as biological systd@s cellular

automata[ 3], kinetic Ising modeld4-10Q, and spin glass ¢

systemg11]. Recently, a scaling ansdtt6] based on a pre- El(d”:o,t)(zdf): L“fi(—)_ 2

vious study[12] was suggested for damage spreading in the L?

surface growth mod€l13,15 and the essential dynamical _ _ )

scaling properties of kinetic surface roughening were obAnother important scaling relatiofi6] for damage spread-

tained from the scaling ansatz. ing in surface growth dynam.lcs is the relatpn for the average
The suggested scaling ansis] is briefly summarized lateral damage-spreading distarizgg=(dy) given by

as follows. Consider two system’s and B of growth. In e i ] <t<l?

systemA growth begins with a flat surface, i.é’\(r,0)=0 D/ (L,t)=Lf (L/t1/2):r

for any r on the substrate, whereas growth in systrhe- A= I L if t>L%

gins with hB(r,00=0 except at one pointr,, where _ o ) )

hB(r,,0)=1. The surfaces im and B are allowed to grow This relatlpn is physically importarjtl6], not only because

under the same growth rule and under the same sequence B (L.t) faithfully reproduces the correlation leng#f 13] of

random numbers. A damaged columrt & defined by the the k|net|_c roughening p_henomenon bu_t also becau_se the

at whichh”(r,t)# hB(r ,t). If a column atr 4 is damaged, the sample—saed lateral DS distan@e DH:'L). in the sgturatlon

lateral damage-spreading distanak and the vertical egime ([_>>LZ) guarantees the self-affinity or anisotropy of

damage-spreading distande of the column are defined by the DS distances &t =L =D

dj=|rq—ro| and d, =|hB(rq,t)—(hB)|, where(h®) means In th_|s Brief Report we want to study how the da}mage-

the average surface height in syst@nThen it has been Spreading concept can explain the thermal roughening tran-

oy o ition. The model we consider in this report is a solid-on-
shown thatd, (d|,t), the average ofl, over the surviving SItC : o
damages that exist at the lateral distamige(or atry=rg solid (SO model[17] with the Hamiltonian
*d)), satisfies the dynamical scaling relation

)

H=—3X [h(r)—h(r)| (I>0), @
— t—cdﬁ (i)
d,=Lef, | —1], (1) _ |
L whereZ ;;, means the sum over nearest neighbor pairs only.

_ The choice of the SOS modEl7] is based on the fact that
where d, (d,L,L)=(t—cdf)? for t—cdi<L® and the model is well known to have the essential features of a
d, (dj,L,t)=L"for t—cdﬁ>LZ. Of course the exponenis typical thermal roughening transition even though it is very
simple. The essential features of the roughening transition in
the SOS model can be briefly summarized as follows. In the
*Email address: ykim@khu.ac.kr substrate dimensioth=1 the surface is always rough except
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for T=0. Here the surface roughening @1 means that
W(L,t—o,T)=L* (a=1/2), wheret— o means the satura-
tion regime(or t>L?) in the kinetic roughening phenomenon
[13] starting from the flat surface, and the surface state in the
saturation regime is believed to be in thermal equilibrium at &
T. In d=2, there exists a roughening transition.ds 2 the g
interface forT above the roughening transition temperature
Tr (or T>Tg) is in the roughening phase ®v(L,t—x,T) R
= InL(a=0). For T<Tg the surface is in the smooth phase Otl
or W(L,t—o0,T)— finite asL— . ~!
In this report we want to find out if there exists a phase .5
transition from the damage-spreading phase to the damage
frozen(DF) phase in thel=2 SOS model. In the DS phase,
which we think describes the roughening phase, valithe
phase forT>Tg), df andD)| should satisfy

N
T

In d <L’ T)

!

v
O

O K=0.90

v K=074
o Le,  a=1/2 (d=1) o0 e
L(LatﬁmvT)_ |nL, a:O (d:2), (5) 3 4 5 6
InL
DH(L,'[—WO,T)zL. (6)

FIG. 1. Ln-In plot Ode(L,t—)O’Q,T) against with the substrate
These conjectures are expected from the scaling ah%6fz sizesL=32,64,128,256,512 for the one-dimensional SOS model.
for DS in kinetic surface growth models. In contrast it shouldThe data were taken fd€=J/ksT=1.10,0.90,0.74. The solid line

hold that represents the relatiod?(L,t—%=,T)=L" (a=1/2). The inset
shows the time dependence df(t<LZ,T) with L=1024. The
df(LHw,tHw,T)ﬂfinite, (7) solid line in the inset denotes the relaticdl (t<L?T)=t#
X (B=1/4).
DH(L—>OO,t—>OC,T)—>ﬁnite (8)

. . ) ) We first report the one-dimensional simulation results. In
in the DF phase, which we think describes the smooth phasg. =1 SOS model the surface is always rough except for

we_Ill_ (or the phasr? fofl'<_T?) in_d=2. b he DS and Dl;l'zo. If our conjecture is right, then there exists only the
O prove our theoretical conjectures about the and b amage-spreading phase. This meansdfjaﬂmdDH satisfy
phases, we have done simulations in order to see how initi

. . ; g. (5) and Eq.(6), respectively, for anyl. Our simulations
damage propagates in the SOS madef]. The simulation for DS dynamics in the=1 SOS model have been done for

starts from a fIat_surfac{@r h(.r‘ 1=0)=0] an_d th_e periodic .a variety of T's. In Figs. 1 and 2 the simulation resultsdn
boundgry cond|_t|on is used in the Ia.teral QIreCFIOH. The umtz1 are shown wherk (=J/ksT)=0.74, K=0.90, andK
operation that is repeated in the simulation is as foIIows.:1 1. In Fio. 1. we show the data fa in the saturation
Choose a column randomly and assume that the chosen col-"" 9. 2, We . 0, © .

umn is atr; . The change oh(r;,t) in the next Monte Carlo regime orin equilibrium, i.e., fod, (L,t—c,T), with the
step is dependent upon the following probability assign—SL,‘bStratg sizeb =32,64,128,256,512. As one can see from
ments. Calculate the energy differencaE , =H(h(r)) Fig. 1,d} (L,t—»,T) sat(:sfles Eq(5) well. From thg fit of
+1)—H(h(r;)),AE_=H(h(r;)—1)—H(h(r;)) using the the data to the formuld; (L,t—%,T)=L" we obtaineda
Hamiltonian (4), where H(h(r;)+1) is the energy of the =0.50£0.01 forK=0.74, a=0.50+0.02 forK=0.90, and
system when the height st is increased by a lattice unit and a:0-50i00-02 forK=1.10. The inset of Fig. 1 shows the
H(h(r;)—1) is that when the height is decreased by a latticedata ford} (t<L*T) with L =1024 and the fit of the data to
unit. The probabilitiesP, for the processh(r;)—h(r;) the relationd® (t<L? T)=t# gives3=0.25 regardless of the
+1, Pg for h(r;)—h(r;), andP_ for h(r;)—h(r;)—1 are  value ofK. We have done simulations for a variety B§ in

assigned as d=1 and obtained similar results to those in Fig. 1. From
these simulation results it is concluded thidtin d=1 sat-
P,=exp(—AE. /kgT)/[exp(—AE, /kgT) +1 isfies Eq.(5), or the characteristics of the damage-spreading
+exp(—AE_/ksT)], 9) phase_._ Fu_rthermoreif is critically the same awV, because
the criticality of thed=1 SOS model dynamically belongs to
Po=11exp — AE, /kgT)+1+exp —AE_/ksT)], the Edward-Wilkinson(EW) universality [13—15 with «

(10) =1/2 andB=1/4.
In Fig. 2, the data foD|| in the saturation regime or in
P.=1-P,—P,. (11)  equilibrium[or Dy (L,t—,T)] with L=32,64,128,256,512
are shown. All the lateral DS distances satiddy|(L,t
All the numerical data in this report are taken after averaging—«,T)=alL excellently regardless oK. This result also
over more than 100 independent runs. means that the one-dimensional SOS model has only the
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FIG. 2. Plot of Dj(L,t—=,T) againstL for the one- FIG. 3. The plot ofd®(L,t—,T) against IrL for T=1.05T

dimensional SOS model. The valuesloandK used are the same 4 T=1.09T, in d=2. Substrate sizes used atexL=16

as those in Fig. 1. The solid line shows that the data satisfy the, 16,32< 32,64< 64, and 128 128. Solid lines represent the rela-
relation D (L,t—c,T)=aL excellently. The inset shows the time tion d°(L,t—o,T)=alnL. Inset shows the same plot foF
dependence ob(t<L%T) with L=1024. The solid line in the :0.9§R and T= 0.90T.

inset denotes the relatiddy (t< L% T)=tY? (z=1/2).

damage-spreading phaser only the roughening phase are the damage-fro;en phases as we expgcted. It is thus con-
Furthermore, the results in Fig. 2 tell us the physically im-CIUded from stgdymg the vertical D.S distances that the
portant fact that only the sample-sized equilibrium lateral Dsdamage-spreadmg phases should eX.'SﬂTDrTR’ whereas
distance D|j=L) guarantees the self-affinity of the damage-the dama_ge-frozelj phases should eX'SﬂTQTZTR' We have
spreading phase and thus the existence of the damag@lSC Studied the time dependencedff(t<L*T) with (‘ghe
spreading phase can be checked solely by studying the latergfbstrate sizd XL =256x256 and have found thad? (t

DS distance. The inset of Fig. 2 shows the data D[t
<L*T) with L=1024 and the fit of the data t®(t
<L?T)=t givesz=2 regardless of the value & This is ! 4 4
also consistent with the resulte=1/2 andB=1/4 that are
obtained from Fig. 1, becauge= o/ 8.

The two-dimensional simulation results are displayed in
Figs. 3 and 4. The two-dimensional SOS model has a phas
transition from the roughening phase to the smooth phaseQ
The transition temperaturdg is known to satisfy Ky g
=J/kgTr=0.8061[17]. If our conjecture is right, then the «
damage-spreading phases existTor Tg (K<Kg), whereas 3_
the damage-frozen phases exist b Tg (K>Kg). Our Q-
simulations for DS dynamics in the=2 SOS model were 20
done forT=1.09Tg, 1.05Tg, 0.95T, and 0.90R. In Fig.

3 we show the data fod® for the saturation regime or in
equilibrium, i.e., fordE(L,tHoo,T), with the substrate sizes
LXL=16x16,32<32,64x 64, and 12& 128. As is shown
in Fig. 3, T=1.09T; and T=1.05Ty satisfy the relation
dE(L,tHw,T): InL well. This result means that the phases 0 : ' : : : :
for T=1.09T; and T=1.05Ty are the damage-spreading 20 40 60 80 100 120 140
phases as we expected. In contrast as is shown in the inset c. L

Fig. 3, dE(L’t_ij) for T=0.95Tr and T=0.90Tg does FIG. 4. Plot of Dj(L,t—,T) againstL for T=1.05T and T

not Increglse a4 increases, and does not have any trend_q ggr_ in d=2. The sizes of substrates are the same as those in
Insteadd, (L,t—,T) for T=0.95Tg and T=0.90Tg are  Fig. 3. The solid line shows that the data satisfy the relation
sure to satisfy the relatiod? (L —o,t— o0, T)=finite. This Dj(L,t—=,T)=aL excellently as in Fig. 2. The inset shows the
result means that the phases %o 0.95T; and T=0.90T same plot forT=0.95T; and T=0.90TR.
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<L%T) for T=1.05Tg and T=1.09TR satisfies the relation clusion that the phases for=1.09Tg andT = 1.05T are the
d?(t<L?T)=Int. This result also supports the conclusion damage-spreading phases. Furthermare2 in d=2 as
that the phases fo=1.09Tr and T=1.05T; are the Well asind=1 tells us that the damage-spreading phase of
damage-spreading phases. the SOS model belongs to the EW universality class as ex-

In Fig. 4 we show the data fd, in the saturation regime pected. ) ) )
or in equilibrium, i.e., forDy(L,t—,T), with the same To summarize, we have shown that the two-dimensional

substrate sizes as in Fig. 3. As is shown in Fig. T4, SOS model has a transition from the damage-spreadln_g
=1.09Tz and T=1.05T; satisfy the relation Dy (L,t pEase to :]hehdamag?-frozen pgléase.dln the damage-spreading
—»,T)=alL very well. This result also means that the PNas€, which exists fof >Tg, d| and D) satisfy Eqs.(5)
phases forT=1.09T; and T=1.05Ty are the damage- and (6), respectively, very well. Furthermore the damage-

. . S preading phase describes the roughening ptdiserdered
spreading pha_lses as is concluded from the r_esult in Fig. hase well, because the dynamical criticality or exponents
Furthermore, it means that only the sample-sized lateral D

. . or the damage-spreading phase agree well with those of the
distance(or D)=L ) guarantees the damage-spreading IOhaS%urface—rougE}Jenirrl)g phasgrpEW uni\?ersality. The damage-

In contrast, as is_shown in the inset of F|g. By (L.t frozen phase is well characterized by E¢#. and (8) and
H.OO’T) for T=0.95T and'T=0.90Tg does not increase as thus describes the smooth phasedered phagewell. We

L increases and does not have any tremH{.I__,t—wO,T) for_ have also demonstrated that the lateral DS distdh¢ean
T=0.95Tr and T=0.90Tg are sure to satisfy the relation gigeiminate the damage-spreadifigughening phase from
Dj(L—oe,t—ce, T)=finite. This result also means that the y,o jamage-frozefsmooth phase, because only a sample-
phases folf =0.95Tz andT=0.90Ty are the damage-frozen

. . ~ ' sized lateral DS distancéor D =L) guarantees the self-
phases as we concluded from the result in the inset of Fig. 3c1ffinity of the damage-spreading phase.

We also studied the time dependenceDof(t<L*T) with

the substrate sizé XL =256x256 and found thaD(t This work was supported in part by the Korean Science
<L?%T) for T=1.05Tg and T=1.09T satisfies the relation and Engineering FoundatiofGrant No. 98-0702-05-01}3
Dt L% T)=t? (z=2). This result also supports the con- and by the Brain Korea 21 project.

[1] P. Grassberger, Physica244, 547 (1995. [13] J. Krug and H. Spohn, irSolids Far From Equilibrium:

[2] S.A. Kauffman, J. Theor. BioR22, 437 (1969. Growth, Morphology and Defectsedited by C. Godreche

[3] N. Jan and L. de Arcangelis, Annu. Rev. Comput. PHysl (Cambridge University Press, New York, 199E. Family and
(1994. T. Vicsek, Dynamics of Fractal SurfaceéWorld Scientific,

[4] H. Hinrichsen and E. Domany, Phys. Rev5E, 94 (1997. Singapore, 1991 A.-L. Barabai and H. E. StanleyFractal

[5] H.E. Stanley, D. Stauffer, J. Kertesz, and J.J. Herrmann, Phys.  Concepts in Surface GrowthCambridge University Press,
Rev. Lett.59, 2326(1987). Cambridge, England, 1995T. Halpin-Healy and Y.-C. Zhang,

[6] H. Hinrichsen, E. Domany, and D. Stauffer, J. Stat. Pi§ys. Phys. Rep.254, 215 (1999; J. Krug, Adv. Phys.46, 139
807 (1998. (1997.

[7] P. Grassberger, J. Stat. Phy$, 13 (1995.

[8] P. Grassberger, J. Phys.22, L1103 (1989; H. Hinrichsen,
Phys. Rev. E55, 219(1997.

[9] T. Vojta and M. Schreiber, Phys. Rev.38, 7998(1998.

[10] F.D. Nobre, A.M. Mariz, and E.S. Sousa, Phys. Rev. L&%.

[14] S.F. Edwards and D.R. Wilkinson, Proc. R. Soc. London, Ser.
A 381, 17(1982.

[15] F. Family, J. Phys. A9, L441 (1986.

[16] Yup Kim and C.K. Lee, Phys. Rev. &, 3376(2000.

13 (1992 [17] 3.D. Weeks, inOrdering in Strongly Fluctuating Condensed
[11] B. Derrida and G. Weisbuch, Europhys. Lett.657 (1987. Matter Systemsedited by Tormod RistéPlenum, New York,
[12] J.M. Kim, Y. Lee, and I. Kim, Phys. Rev. B4, 4603(1996. 1980.

027101-4



